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Abstract
In this paper, we define conservative semibasic vector 1−forms on
the tangent bundle of a Finsler manifold. Using these vector 1−forms,
we characterize conservative L−Ehresmann connections with respect
to the energy function. Then we find a correspondence between torsion-
free semibasic vector 1−forms and the subset of vertical vector fields.
Taking into account this correspondence, we construct a class of semis-
prays that generates the Ehresmann connections mentioned above.
Keywords: Finsler manifold, Ehresmann connection, Semibasic vec-
tor 1-form.1
1 Introduction
The difference of two Ehresmann connections over a manifoldM is a semiba-
sic vector 1−forms on TM . Motivated by this fact, it is natural to define a
conservative semibasic vector 1−form on a Finsler manifold with respect to
an energy function induced by a Finsler metric. A semibasic vector 1−form
is called conservative on a Finsler manifold (M,E) if it can be expressed
as a difference of two conservative Ehresmann connections on M . The con-
servativity property of a semibasic vector 1−form L on TM implies the
conservativity of an L−Ehresmann connection, which is defined by
hL := h 0 + L+ [J, (dLE)
#],
where h 0 is the Berwald connection. It is well known that this class of Ehres-
mann connections contains the Wagner connection of the Finsler manifold
1 2010 Mathematics subject Classification: 53C07, 53C60.
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(M,E) and among them the conservative ones are conformally closed. For
more details see [2] and [3].
In Section 3, using conservative semibasic vector 1−forms, we characterize
conservative L−Ehresmann connections with respect to the energy function
E.
The weak torsion of an L−Ehresmann connection is in the following form
tL = [J, L].
Thus, it is natural to define torsion-freeness of a semibasic vector 1−form L
on the tangent manifold TM by requiring the condition [J, L] = 0. In Section
4, we establish a correspondence between the subset of vertical vector fields
X
v(TM) and the set of torsion – free semibasic vector 1−forms on TM .
Taking into account this correspondence, in Subsection 4.2, we introduce
a set of semisprays as follows
V
S = S0 + 2 V + 2 (d [J,V ]E)
#,
where V is a vertical vector field on TM . If V is a two-homogeneous vertical
vector field, then the semispray
V
S is a spray and we can find projectively
related relation between two sprays in this form.
In [10], Vincze presents the theory of conservative semisparays on a
Finsler manifold (M,E) with respect to the energy function E. Then he
defines a conservative vertical vector field on a Finsler manifold. In this
paper, using conservativity and torsion-freeness of the L−Ehresmann con-
nections, we find a class of conservative vertical vector fields on a Finsler
manifold.
2 Preliminaries
We work on an n−dimensional connected smooth manifold M whose topol-
ogy is Hausdorff and has a countable base. C∞(M) denotes the ring of
smooth real-valued functions onM , X(M) and Ωk(M) stand for the C∞(M)−
module of (smooth) vector fields and differential k−forms on M .
TM is the tangent manifold of M , and
◦
TM is the open submanifold of
the non-zero tangent vectors to M . The vertical and the complete lift of a
smooth function f on M into TM are denoted by f v and f c, respectively.
The C∞(TM)−module of vertical vector fields on TM will be denoted
by Xv(TM). Xv stands for the vertical lift of a vector field X on M and
C ∈ Xv(TM) is the Liouville vector field.
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By a vector k−form on TM we mean a skew symmetric C∞(TM)− mul-
tilinear map K : (X(TM))k → X(TM) if k ∈ {1, . . . , 2n}, and a vector field
on TM , if k = 0. In particular, a vector 1−form on TM is just a tensor
field of type (1, 1). The C∞(TM)−module of vector k−forms on TM will be
denoted by Ψk(TM).
By the Fro¨licher-Nijenhuis theory of vector forms to any vector k−form
K ∈ Ψk(TM) two graded derivations of Ω(TM) are associated, denoted by
iK and dK , which the former is of degree k − 1, and the later is of degree k,
and the following rules are prescribed:
iK ↾ C
∞(TM) = 0; iK ◦ α = α ◦K, if α ∈ Ω
1(TM); (1)
dK := [iK , d] = iK ◦ d− (−1)
k−1d ◦ iK . (2)
Then, in particular,
dKϕ = dϕ ◦K; ϕ ∈ C
∞(TM) , K ∈ Ψk(TM). (3)
To any vector forms K ∈ Ψk(TM), L ∈ Ψℓ(TM) there is a unique vector
(k + l)−form [K,L] ∈ Ψk+l(TM), the Fro¨licher-Nijenhuis bracket of K and
 L such that
d[K,L] = [dK , dL]. (4)
In particular, if K ∈ Ψ1(TM), Y ∈ Ψ◦(TM) then [K, Y ] ∈ Ψ1(TM), and for
any vector field X ∈ X(TM), we have,
[K, Y ]X = [KX, Y ]−K[X, Y ], (5)
i [K,Y ] = iY ◦ dK + dK ◦ iY − LKY , (6)
iY ◦ iK = iK ◦ iY + iKY . (7)
There is a unique vector 1−form J on TM such that
ImJ = Ker J = Xv(TM), [J, J ] = 0, [J, C] = J. (8)
J is called the vertical endomorphism. A differential form α ∈ Ωk(TM) is
semibasic, if iJξα = 0; a vector form K ∈ Ψ
k(TM) is semibasic, if iJξK = 0
and J ◦K = 0 (k ≥ 1, ξ ∈ X(TM)).
A vector field S on TM of class C1, smooth on
◦
TM is said to be a semis-
pray over M if JS = C. A semispray S is called a spray if it is homogeneous
of degree 2, i.e., [C, S] = S.
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A vector 1–form h ∈ Ψ1(TM), smooth –in general– only over
◦
TM is
said to be a Ehresmann connection over M if it is a projector (i.e., h2 = h)
and kerh = Xv(TM), or, equivalently, if J ◦ h = J and h ◦ J = 0. An
Ehresmann connection h is called homogeneous if its tension vanishes, i.e.,
H = [C,h] = 0. The weak torsion of h is the vector 2-form t := [J,h].
A fundamental result due to M. Crampin and J. Grifone states that any
semispray S generates a Ehresmann connection of zero weak torsion by the
formula
h =
1
2
(1X(TM) + [J, S]). (9)
Let a function E : TM → R be given. Assume:
(i) E(v) > 0 for all v ∈
◦
TM, E(0) = 0;
(ii) E is of class C1 on TM , smooth on
◦
TM ;
(iii) E is (positive–) homogeneous of degree 2, i.e., CE = 2E;
(iv) The fundamental 2-form ω := d dJE is nondegenerate.
Then (M,E) is said to be a Finsler manifold with the energy function E.
Notice that ω is semibasic and we have the relations
iJω = 0, iC ω = dJE, LC ω = ω. (10)
Due to the nondegeneracy of ω, for any 1−form β ∈ Ω1(TM) there is unique
vector field β# on TM (smooth, in general, only on
◦
TM) such that
iβ# ω = β. (11)
This map # : β → β# is called the (Finslerian) sharp operator. In particular,
the gradient of a function f ∈ C∞(TM) is the vector field grad f := (df)#.
Following Grifone [1], by the potential of a semibasic k−form K on TM
we mean the (k − 1)−form K◦ := iSK, where S is any semispray over M
(k ≧ 1). Clearly, K◦ is independent of the choice of S.
To conclude this section, we recall the fundamental lemma of Finsler
geometry due to J. Grifone [1]. Let (M,E) be a Finsler manifold. If
S0 := −(dE)
# over
◦
TM, S0(0) := 0
then S 0 is a spray overM , called the canonical spray of (M,E). S0 generates a
homogeneous Ehresmann connection h 0 according to (9), called the Berwald
connection of (M,E). h 0 is conservative in the sense that
dh 0E = 0.
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3 Conservative Semibasic Vector 1-Form
The difference of two Ehresmann connections is a semibasic vector 1−form,
thus it is natural to define the conservativity of semibasic vector 1−form as
follows.
Definition 1. Suppose that (M,E) is a Finsler manifold. A semibasic vector
1−form L on TM is said to be conservative with respect to energy function
E, if it is a difference of two conservative Ehresmann connections.
It is easy to see that a semibasic vector 1−form L on TM is conservative
if and only if dLE = 0. Therefore, the set of all conservative semibasic vector
1−forms on TM is a C∞(TM)−module.
Authors have shown in [5] that any homogeneous, conservative Ehres-
mann connection h over M can be expressed as follows:
h = h 0 +
1
2
t◦ +
1
2
[J, (d t◦E)
#].
Hence every homogeneous, conservative Ehresmann connection h over M
generates a conservative semibasic vector 1−form L = t◦ + [J, (d t◦E)
#].
Another example of conservative semibasic vector 1−form, is difference
of the Berwald and the Wagner Ehresmann connections. Let f be a smooth
function on M . It is known [9] the Wagner connection of a Finsler manifold
(M,E) have the form,
h := h 0 + f
cJ − E[J, grad f v]− dJE ⊗ grad f
v,
Then the following semibasic vector 1−form is conservative on Finsler man-
ifold (M,E):
L := f cJ −E[J, grad f v]− dJE ⊗ grad f
v.
3.1 Conformal Change of Energy Function
Assume that (M,E) is a Finsler manifold. Let f be a smooth function on
M and define a positive function on TM by
ϕ := exp ◦ f v.
If
∼
E = ϕE, then (M,
∼
E) is also a Finsler manifold (see [7]). We say that
(M,
∼
E) has been obtained by a conformal change of E given by the scale
function ϕ.
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It is known that a smooth function ϕ on TM is a vertical lift if and only
if dJ ϕ = 0, where J is the canonical vertical endomorphism on TM (see [7]).
Let K be a semibasic vector 1−form on TM . If a smooth function ϕ on
TM is a vertical lift, then
∀ X ∈ X(TM) : (dK ϕ)X
(3)
= (dϕ ◦K)X = (KX)ϕ = 0,
since KX is a vertical vector field. Thus dK ϕ = 0.
Therefore for the scale function ϕ := exp ◦ f v, we have dK ϕ = 0.
Proposition 1. The conservativity property of a semibasic vector 1−form
on TM (with respect to energy function of Finsler manifold) is invariant
under any conformal change of energy function.
Proof. Let us consider the conformal change
∼
E = ϕE (ϕ := exp ◦ f v) of a
Finsler manifold (M,E). Then
dL
∼
E = dL ϕE = (dL ϕ)E + ϕdLE = ϕdLE.
This relation implies that conservativity of a semibasic vector 1−form on
TM is invariant under any conformal change of energy function.
3.2 L-Ehresmann Connection on a Finsler Manifold
Let (M,E) be a Finsler manifold and L be a semibasic vector 1−form on
TM . The Ehresmann connection
hL := h 0 + L+ [J, (dLE)
#],
is called L−Ehresmann connection on Finsler manifold (M,E). For more
details of L−Ehresmann connection, we refer to [3].
Next proposition shows that the conservativity of semibasic vector 1−form
L on TM implies the conservativity of L−Ehresmann connection.
Proposition 2. Let (M,E) be a Finsler manifold. Suppose that L is a
conservative semibasic vector 1−form on TM with respect to energy function
E. Then the L−Ehresmann connection is conservative.
Proof. By conservativty of L we obtain hL = h 0 + L. This proves what we
want.
We obtain a condition for conservativity of L−Ehresmann connection in
the following theorem. First we need to prove next lemma.
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Lemma 1. If β is a semibasic 1−form on TM , then β#E = β◦.
Proof. Using definition of canonical spray of Finsler manifold, we get
β#E = dE(β#) = −
(
i S0ω
)
(β#)
= ω(β#, S0) =
(
iβ#ω
)
(S0)
= β S0 = i S0β
= β◦.
This completes the proof.
Theorem 1. Let (M,E) be a Finsler manifold and L be a semibasic vector
1−form on TM . Then L−Ehresmann connection is conservative if and only
if L◦E is a vertical lift.
Proof. For simplicity, let us put
U := (dLE)
#.
By definition of L−Ehresmann connection we get
dhLE = dh 0E + dLE + d [J,U ]E
The first term of right hand side vanishes by conservativity of the Berwald
connection, and for the third one, we have
d [J,U ]E
(2)
= i [J,U ] dE
(6)
= iU dJ dE + dJ iU dE
(2)
= − iU d dJE + dJ iU dE
= − iU ω + dJ iU dE
(11)
= − dLE + dJ iU dE.
Thus, we have
dhLE = dJ ◦ iU ◦ dE
(1)
= dJ ◦ dE (U)
= dJ(UE)
Lem.1
= dJ((dLE)
◦)
†
= dJ(L
◦E)
In † we have used following relations for an arbitrary semispray S,
(dLE)
◦ = (dLE)(S) = (iLdE)(S) = dE(LS) = dE(L
◦) = L◦E.
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The relation
dhLE = dJ(L
◦E)
implies that L−Ehresmann connection is conservative if and only if L◦E is
a vertical lift.
Corollary 1. Let (M,E) be a Finsler manifold. Suppose that K is a semiba-
sic vector 1−form on TM and f is a smooth function on M . Define L :=
1
K◦E
f vK. Then L−Ehresmann connection is conservative, provided that the
function K◦E nowhere vanishes.
Corollary 2. A Wagner connection is conservative.
Proof. We know that a Wagner connection is an L−Ehresmann connection
by L = 1
2
(f cJ − df v ⊗ C) (see [3]). Since
L◦ =
1
2
(f cJ − df v ⊗ C)◦ =
1
2
iS(f
cJ − df v ⊗ C)
=
1
2
f cJS−
1
2
(df v ⊗ C)S =
1
2
f cC −
1
2
(Sf v)C
=
1
2
f cC −
1
2
f cC = 0
thus L◦E = 0. Therefore by Theorem 1 we obtain the conservativity of
Wagner connections.
Authors have shown in [3] that conservativity property of L−Ehresmann
connection conformally invariant. Here, we give a simplified proof for this
fact by the help of Theorem 1.
Proposition 3. The set of all conservative L−Ehresmann connections on
a Finsler manifold is conformally closed, i.e., a conservative L−Ehresmann
connection remains a conservative L−Ehresmann connection by any confor-
mal change of energy function.
Proof. Let us consider conformal change
∼
E = ϕE. Suppose that hL is con-
servative on (M,E), then we have
L◦
∼
E = L◦(ϕE) = (L◦ϕ)E + ϕ L◦E = ϕ L◦E.
Since ϕ and L◦E are vertical lifts thus
∼
hL is conservative on (M,
∼
E) by
Theorem 1.
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Now, we state and prove a property of L−Ehresmann connection for next
uses.
Proposition 4. Let L be a semibasic vector 1−form on TM . Then
[C,ΘL] = Θ[C,L],
where Θ is an operator on semibasic vector 1−forms on TM defined by
Θ : L→ ΘL := L+ [J, (dLE)
#] = hL − h 0.
It results
HL = h 0 − h [C,L],
where HL is the tension of hL.
Proof. The following holds
LC dLE = d[C,L]E + dLLCE = d[C,L]E + dL(2E) = d[C,L]+2LE.
Using graded Jacobi identity, we obtain
[C, [J, (dLE)
#]] = −[J, [(dLE)
#, C]]− [(dLE)
#, [C, J ]]
= −[J,−(LCdLE)
# + (dLE)
#]− [(dLE)
#,−J ]
= [J, (LCdLE)
#]− [J, 2(dLE)
#]
= [J, (d[C,L]+2LE)
#]− [J, (d2LE)
#]
= [J, (d[C,L]E)
#].
Thus
[C,ΘL] = [C,L] + [C, [J, (dLE)
#]] = [C,L] + [J, (d[C,L]E)
#] = Θ[C,L].
Then we get the proof.
4 Torsion-free Semibasic Vector 1-Form
By Proposition 1 of [3], the weak torsion of L−Ehresmann connection is
tL = [J, L].
Due to this result, we define a torsion-free semibasic vector 1−form as follows.
Definition 2. A Semibasic vector 1−form L on TM is called torsion-free if
[J, L] = 0.
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Thus a semibasic vector 1−form L on TM is torsion–free if and only if
the L−Ehresmann connection is torsion–free.
Let V be a vertical vector field on TM . It is easy to see that the semibasic
1−form L := [J, V ] is torsion-free. The following proposition states that
the converse is also true. Hence, we get a characterization of torsion-free
semibasic vector 1−forms.
Proposition 5. Let L be a torsion–free semibasic vector 1−form on TM .
Then there is a vertical vector field VL on TM such that
L = [J, VL]. (12)
Moreover, the set of all vertical vector fileds on TM satisfying (12) is given
by {
VL +X
v : X ∈ X(M)
}
.
Proof. Since L is torsion-free, there is a semispray S on M such that
hL =
1
2
(
1X(TM) + [J, S]
)
.
On the other hand
hL = h 0 + L+ [J, (dLE)
#]
=
1
2
(
1X(TM) + [J, S0]
)
+ L+ [J, (dLE)
#]
=
1
2
(
1X(TM) + [J, S0 + 2(dLE)
#]
)
+ L.
Then
2L = [J, S− S0 − 2(dLE)
#].
Therefore, it suffices to define
VL :=
1
2
(S− S0)− (dLE)
#.
Since for every vector field X on M we have [J,Xv] = 0, the vertical vector
field VL+X
v satisfies (12). Conversely, suppose that the relation (12) is true
for two vertical vector fields. Then by Lemma 1.15 of [6], the difference of
these vertical vector fields is a vertical lift. This completes the proof.
Remark 1. Let L be a torsion-free semibasic vector 1−form on TM and
homogeneous of degree r 6= −1. By a remark of [1] we have L = 1
r+1
[J, L◦].
Hence, the set of all vertical vector fields satisfying (12) is given by
{ 1
r + 1
L◦ +Xv : X ∈ X(M)
}
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Lemma 2. Let L be a torsion–free semibasic vector 1−form on TM . If VL
is homogeneous of degree 2, then L−Ehresmann connection is also homoge-
neous.
Proof. By graded Jacobi identity and using Proposition 5 we obtain
[C,L] =
[
C, [J, VL]
]
= −
[
VL, [C, J ]
]
−
[
J, [VL, C]
] (8)
= [VL, J ] +
[
J, VL
]
= 0.
Thus L is homogeneous of degree 1, therefore Proposition 4, implies the
homogeneity of L−Ehresmann connection.
Proposition 6. Let L be a torsion-free semibasic vector 1−form on TM .
Then dhLω vanishes, where ω is the fundamental form of Finsler manifold
(M,E).
Proof. It is sufficient to show that
dhLω = − d d tLE,
where tL is the weak torsion of L−Ehresmann connection. First
dh 0ω = dh 0d dJE = − d dh 0dJE
(4)
= d dJdh 0 E − d d [J,h 0]E = 0.
For simplicity let P := [J, (dLE)
#]. Then, we have
dP ω = dP d dJE = − d dP dJE = d dJ dPE − d d [J,P ]E = d dJ dPE.
Since [J, P ] vanishes by graded Jacobi identity. On the other hand in the
proof of Theorem 1, we obtain
dPE = − dLE + dJ i(dLE)# dE,
therefore
dP ω = − d dJ dLE + d d
2
J i(dLE)# dE = − d dJ dLE.
Since d 2J
(4)
= 1
2
d [J,J ]
(8)
= 0. Hence
dhLω = dh 0ω + dLω + dP ω = dL d dJE − d dJ dLE
= − d dL dJE − d dJ dLE = − d d [J,L]E
= − d d tLE.
The proof follows from the torsion–freeness of L.
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4.1 Some Projectively Related Sprays
In this section we construct a class of semisprays that generates the torsion-
free L−Ehresmann connections.
Proposition 7. Let V be a vertical vector field on TM , then the Ehresmann
connection generated by semispray
V
S := S0 + 2 V + 2 (d [J,V ]E)
#. (13)
is just the [J, V ]−Ehresmann connection. Furthermore, if V is a vertical
vector field homogeneous of degree 2, then the semispray
V
S is a spray.
Proof. By a direct computation, we get
1
2
(
1X(TM) + [J,
V
S ]
)
=
1
2
(
1X(TM) + [J, S0 + 2V + 2(d [J,V ]E)
#]
)
= h 0 + [J, V ] + [J, (d [J,V ]E)
#]
= h [J,V ].
Suppose V is a 2−homogeneous vertical vector field. By Jacobi identity, we
have
[C, [J, V ]] = [V, [J, C] + [J, [C, V ]] = [V, J ] + [J, V ] = 0.
Therefore [J, V ] is homogeneous of degree 1. Using Lemma 2 of [3], we obtain
that V + 2 (d [J,V ]E)
# is homogeneous of degree 2. Hence the semispray
V
S is
a spray.
By Proposition 7, we get the following.
Corollary 3. Suppose that L is a torsion–free semibasic vector 1−form on
TM . Then
VL
S generates L−Ehresmann connection.
Two sprays S1 and S2 overM are said to be (pointwise) projectively related
if there is a smooth function λ on
◦
TM such that
S2 = S1 + λC, (over
◦
TM).
Then the projective factor λ is necessarily 1−homogeneous, i.e., Cλ = λ. For
more details see [8].
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Proposition 8. Let V and U be two vertical vector fields homogeneous of
degree 2 on TM . Suppose that
V
S and
U
S are projectively related sprays on M ,
with the projective factor λ. Then
λ =
3(V − U)E
E
, (over
◦
TM).
Proof. Suppose that
V
S and
U
S are projectively related sprays on M , with the
projective factor λ. Then
V
S =
U
S + λC.
Therefore by (13) we get
S 0 + 2 V + 2 (d [J,V ]E)
# = S 0 + 2U + 2 (d [J,U ]E)
# + λC.
Put Y := 2 (V − U) then we obtain
Y + (d[J,Y ]E)
# = λC.
We have
iλC ω = λ iCω = λ dJE,
on the other hand
iY ω + i(d[J,Y ]E)# ω = iY ω + d[J,Y ]E.
Hence, for any semispray S,
(iY ω)(S) = ω (Y, S) = (d dJE)(Y, S)
= Y (dJE)(S)− S(dJE)(Y )− (dJE)([Y, S])
= 2Y E − Y E = Y E,
and
(d[J,Y ]E)(S) = dE([J, Y ]S) = dE([C, Y ]− J [S, Y ]) = 2 dE(Y ) = 2 Y E,
and
λ(dJE)(S) = λdE(JS) = λdE(C) = λCE = 2λE,
thus 3 Y E = 2λE. Therefore
3 (V − U)E = λE,
as we want.
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5 Some Conservative Vector Fields
In [10], Vincze defines a conservative vector field on a Finsler manifold. He
proves that a vertical vector field V is conservative on a Finsler manifold
(M,E) if and only if
iV ω = dJ(V E).
In this section, we introduce a class of conservative vertical vector fields.
Theorem 2. Let (M,E) be a Finsler manifold and V be a vertical vector
field on TM . If [J, V ]−Ehresmann connection is conservative then U :=
V + (d[J,V ]E)
# is a conservative vector field.
Proof. By assumption we obtain
h[J,V ] = h 0 + [J, V ] + [J, (d[J,V ]E)
#] = h 0 + [J, U ].
Suppose that [J, V ]−Ehresmann connection is conservative. By conservativ-
ity of h 0 and using Cartan magic formula we have
0 = dh [J,V ]E = dh 0E + d[J,U ]E = dJLUE − LUdJE
= dJ(UE)− iUddJE − d iUdJE = dJ(UE)− iUω,
which implies that U is a conservative vector field.
Corollary 4. Let (M,E) be a Finsler manifold and L be a torsion-free
semibasic vector 1−form on TM . If L−Ehresmann connection is conser-
vative then
VL + (dLE)
#,
is conservative in Vincze’s sense.
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